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Abstract A connected graph G is a cactus if any two of its cycles have at most
one common vertex. Let ℓmn be the set of cacti on n vertices with matching
number m. S.C. Li and M.J. Zhang determined the unique graph with the
maximum signless Laplacian spectral radius among all cacti in ℓmn with n = 2m.
In this paper, we characterize the case n ≥ 2m+1. This confirms the conjecture
of Li and Zhang (S.C. Li, M.J. Zhang, On the signless Laplacian index of cacti
with a given number of pendant vetices, Linear Algebra Appl. 436, 2012,
4400–4411). Further, we characterize the unique graph with the maximum
signless Laplacian spectral radius among all cacti on n vertices.
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1 Introduction
Spectral graph theory (for example, [11, 12, 16] et al) studies properties of
graphs using the spectrum of related matrices. In this paper, we consider only
simple graphs (i.e., finite,undirected graphs without loops or multiple edges),
and follow [2, 4, 11, 12, 16] for terminology and notations.
Let G = (V,E) be a simple graph with vertex set V = V (G) = {v1, v2, . . . ,
vn} and edge set E = E(G). Let A(G) = (aij) denote the adjacency matrix of
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G, where aij = 1 if vertex vi and vertex vj are adjacent in G and 0 otherwise.
Let diag(G) = diag(d1, d2, . . . , dn) be the diagonal matrix with degree of the
vertices of G and Q(G) = diag(G) + A(G) be the signless Laplacian matrix
of G. It is well known that A(G) is a real symmetric matrix and Q(G) is a
positive semidefinite matrix. The eigenvalues of Q(G) can be ordered as
q1(G) ≥ q2(G) ≥ · · · ≥ qn(G) ≥ 0,
where q1(G) is the largest signless Laplacian eigenvalue of G and it is called the
signless Laplacian spectral radius ofG, denoted by q(G). It is easy to see that if
G is connected, then A(G) and thus Q(G) is a nonnegative irreducible matrix.
By the Perron-Frobenius theory, q(G) has multiplicity one and there exists
a unique positive unit eigenvector, say x = (x1, x2, . . . , xn)
T , corresponding
to q(G), which is called the Perron vector of Q(G). It will be convenient
to associate a labelling of vertices of G (with respect to x) in which xv is a
label of v. The signless Laplacian characteristic polymomial of G, is equal to
det(xIn −Q(G)), denoted by ψ(G, x) ( or, for short, by ψ(G)).
In order to state our results, we introduce some notation and terminology.
Let Pn, Sn and Cn be the path, star and cycle on n vertices, respectively. Let
G−v, G−uv denote the graph obtained from G by deleting vertex v ∈ V (G),
or an edge uv ∈ E(G), respectively (this notation is naturally extended if more
than one vertex or edge is deleted). Similarly, Let G+v be obtained from G by
adding vertex v /∈ V (G) (note, if a vertex v is added to G, then its neighbours
in G should be specified somehow), G+ uv be obtained from G by adding an
edge uv /∈ E(G), where u, v ∈ V (G). For v ∈ V (G), let NG(v) (or N(v) for
short) denote the set of all the adjacent vertices of v in G.
The degree of a vertex v in G is denoted by dG(v). If dG(v) = 1, then v is a
pendant vertex of G. An edge associated with a pendant vertex is a pendant
edge. Two distinct edges in a graph G are independent if they do not have a
common end vertex in G. A set of pairwise independent edges of G is called
a matching of G, while a matching of maximum cardinality is a maximum
matching of G. The matching number m of G is the cardinality of a maximum
matching of G. Let M be a matching of G. The vertex v in G is M-saturated
if v is incident with an edge in M ; otherwise, v is M-unsaturated. A perfect
matching M of G means that each vertex of G is M-saturated. Clearly, every
perfect matching is maximum.
We call graph G a cactus if G is connected and any two of its cycles have
at most one common vertex. For a cactus graph G, we call it a bundle if all
cycles of G have exactly one common vertex. Let ℓmn denote the set of cacti
with n vertices and matching number m.
Recently there is a lot of work on the spectral radius or the signless Lapla-
cian spectral radius of graphs, see [6, 13, 14, 15, 17, 19, 24, 26, 28, 32, 36,
40, 41, 45, 49] et al. Some investigation on graphs with prefect matching or
with given matching number is an important topic in the theory of graph
spectra, see [7, 8, 9, 10, 18, 20, 22, 23, 27, 28, 29, 32, 46, 47, 48] et al. Cacti
has been an interesting topic in chemical and mathematical literature, see
[1, 3, 5, 21, 27, 29, 30, 31, 32, 33, 35, 37, 38, 39, 42, 43, 44, 50] et al.
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Li and Zhang [32] determined the unique graph with the maximum signless
Laplacian spectral radius among all cacti in ℓmn with n = 2m, and gave a
conjecture about the case n ≥ 2m+ 1 as follows.
Conjecture 1.1. ([32], Conjecture 3.4) Let G be a graph in ℓmn . Then
(i) If n = 2m+1, then q(G) ≤ 5+
√
4n−3
2
with equality if and only if G ∼= H0m.
(ii) If n ≥ 2m + 2, then q(G) ≤ q(Hn−2m+1m−1 ) with equality if and only if
G ∼= Hn−2m+1m−1 , where q(H
n−2m+1
m−1 ) is the largest root of the equation x
3 − (n−
2m+ 7)x2 + (3n− 8m+ 8)x+ 2m− 8 = 0.
In this paper, some useful lemmas are given in Section 2. In Section 3, we
characterize the unique graph with the maximum signless Laplacian spectral
radius among all cacti in ℓmn with the case n ≥ 2m + 1. This improves and
confirms Conjecture 1.1 of Li and Zhang in [32]. Further, we characterize the
unique graph with the maximum signless Laplacian spectral radius among all
cacti on n vertices.
2 Some preliminaries
In this section, we introduce some lemmas which we need to use in the
presentations and proofs of our main results in Sections 3.
Lemma 2.1. ([25], Theorem 2.1) Let u and v be distinct vertices of a connected
graph G. Suppose that w1, w2, . . . , ws(s ≥ 1) are neighbors of v but not u and
they are all different from u. Let x=(x1, x2, . . . , xn)
T be the Perron vector of
Q(G), H obtained from G by deleting the edges vwi and adding the edges uwi
for i = 1, 2, . . . , s. If xv ≤ xu, then q(G) < q(H).
Lemma 2.2. ([16], Theorem 8.17) Let G be a connected graph with a non-
pendant edge e = uv satisfying N(u)∩N(v) = ∅. Let H be the graph obtained
from G by deleting edge uv, identifying vertex u and vertex v, and adding a
new pendant edge to u(= v). Then q(G) < q(H).
Definition 2.3. ([2], Chapter 2) Let A = (aij), B = (bij) be n × n matrices.
If aij ≤ bij for all i and j, then A ≤ B. If A ≤ B and A 6= B, then A < B.
Lemma 2.4. ([2], Chapter 2) Let A,B be n × n matrices with the spectral
radius ρ(A) and ρ(B). If 0 ≤ A ≤ B, then ρ(A) ≤ ρ(B). Furthermore, if
0 ≤ A < B and B is irreducible, then ρ(A) < ρ(B).
Lemma 2.5. ([2], Chapter 2) Let m < n, A,B be n× n, m×m nonnegative
matrices with the spectral radius ρ(A) and ρ(B), respectively. If B is a princi-
pal submatrix of A, then ρ(B) ≤ ρ(A). Furthermore, if A is irreducible, then
ρ(B) < ρ(A).
By Lemmas 2.4–2.5 and the definitions of Q(G) and q(G), we have the
following result in terms of graphs.
Corollary 2.6. Let G be a connected graph. If H be a subgraph of G, then
q(H) ≤ q(G). If H is a proper subgraph of G, then q(H) < q(G).
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Let Ip be the p × p identity matrix and Jp,q be the p × q matrix in which
every entry is 1, or simply Jp if p = q. Let M be a matrix of order n, σ(M)
be the spectrum of the matrix M .
Definition 2.7. ([34]) Let M be a real matrix of order n described in the
following block form
M =


M11 · · · M1t
...
. . .
...
Mt1 · · · Mtt

 , (2.1)
where the diagonal blocks Mii are ni×ni matrices for any i ∈ {1, 2, . . . , t} and
n = n1 + . . . + nt. For any i, j ∈ {1, 2, . . . , t}, let bij denote the average row
sum of Mij, i.e. bij is the sum of all entries in Mij divided by the number of
rows. Then B(M) = (bij) (simply by B) is called the quotient matrix of M . In
addition, if for each pair i, j, Mij has constant row sum, then B(M) is called
the equitable quotient matrix of M .
Lemma 2.8. ([45]) Let M = (mij)n×n be defined as (2.1), and for any i, j ∈
{1, 2, . . . , t}, the row sum of each block Mij be constant. Let B = B(M) = (bij)
be the equitable quotient matrix of M , and λ be an eigenvalue of B. Then λ
is also an eigenvalue of M .
Lemma 2.9. ([45]) Let M be defined as (2.1), and for any i, j ∈ {1, 2, . . . , t},
Mii = liJni + piIni, Mij = sijJni,nj for i 6= j, where li, pi, sij are real numbers,
B = B(M) be the quotient matrix of M . Then
σ(M) = σ(B) ∪ {p[ni−1]i | i = 1, 2, . . . , t}, (2.2)
where λ[t] means that λ is an eigenvalue with multiplicity t.
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Fig.2 Lks
Lemma 2.10. Let n be positive integer and s, k be nonnegative integers with
2s+ k + 1 = n, Hks be a graph on n vertices as in Fig. 1. Then
ψ(Hks ) = (x− 1)
n+k−3
2 (x− 3)
n−k−3
2 [x3− (n+ 3)x2 + 3nx− 2n+ 2k+2]. (2.3)
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Proof. Clearly, we have
Q(Hks ) =


n− 1 1 1 1 1 · · · 1 1 1 · · · 1
1 2 1 0 0 · · · 0 0 0 · · · 0
1 1 2 0 0 · · · 0 0 0 · · · 0
1 0 0 2 1 · · · 0 0 0 · · · 0
1 0 0 1 2 · · · 0 0 0 · · · 0
...
...
...
...
...
. . .
...
...
...
. . .
...
1 0 0 0 0 · · · 2 1 0 · · · 0
1 0 0 0 0 · · · 1 2 0 · · · 0
1 0 0 0 0 · · · 0 0 1 · · · 0
...
...
...
...
...
. . .
...
...
...
. . .
...
1 0 0 0 0 · · · 0 0 0 · · · 1


,
then it can be written as follows:
Q(Hks ) =


(n− 2)J1 + I1 J1,2 J1,2 · · · J1,2 J1,k
J2,1 J2 + I2 0 · · · 0 0
J2,1 0 J2 + I2 · · · 0 0
...
...
...
. . .
...
...
J2,1 0 0 · · · J2 + I2 0
Jk,1 0 0 · · · 0 Ik


. (2.4)
Let B1(H
k
s ) be the corresponding equitable quotient matrix of Q(H
k
s ).
Then by (2.4) and Lemma 2.9, we have σ(Q(Hks )) = σ(B1(H
k
s )) ∪ {1
[n+k−3
2
]},
where
B1(H
k
s ) =


n− 1 2 2 · · · 2 k
1 3 0 · · · 0 0
1 0 3 · · · 0 0
...
...
...
. . .
...
...
1 0 0 · · · 3 0
1 0 0 · · · 0 1


.
Further, we can write B1(H
k
s ) as follows:
B1(H
k
s ) =

 (n− 2)J1 + I1 2J1,s kJ1Js,1 3Is 0
J1 0 I1

 .
Let B2(H
k
s ) be the corresponding equitable quotient matrix of B1(H
k
s ). Then
by Lemma 2.9, we have σ(B1(H
k
s )) = σ(B2(H
k
s )) ∪ {3
[s−1]}, where
B2(H
k
s ) =

 n− 1 2s k1 3 0
1 0 1

 .
Thus we have
σ(Q(Hks )) = σ(B2(H
k
s )) ∪ {1
[n+k−3
2
], 3[
n−k−3
2
]}, (2.5)
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and by direct computing, we know the signless Laplacian characteristic poly-
nomial of B2(H
k
s ) is as follows:
det(xIn − B2(H
k
s )) = x
3 − (n + 3)x2 + 3nx− 2n+ 2k + 2. (2.6)
Therefore, we complete the proof of (2.3) by (2.5) and (2.6). 
Lemma 2.11. Let n, k be positive integers and s be nonnegative integer with
2s + k + 2 = n, Lks be a graph on n vertices in Fig. 2, and f(x) = x
5 − (n +
5)x4 + (6n+ 4)x3 − (12n− 2k− 10)x2 + (9n− 6k− 12)x− 2n+ 2k+ 4. Then
ψ(Lks) = (x− 1)
n+k−6
2 (x− 3)
n−k−4
2 f(x). (2.7)
Proof. Clearly, we have
Q(Lks) =


n− 2 1 1 · · · 1 1 1 0 1 · · · 1
1 2 1 · · · 0 0 0 0 0 · · · 0
1 1 2 · · · 0 0 0 0 0 · · · 0
...
...
...
. . .
...
...
...
...
...
. . .
...
1 0 0 · · · 2 1 0 0 0 · · · 0
1 0 0 · · · 1 2 0 0 0 · · · 0
1 0 0 · · · 0 0 2 1 0 · · · 0
0 0 0 · · · 0 0 1 1 0 · · · 0
1 0 0 · · · 0 0 0 0 1 · · · 0
...
...
...
. . .
...
...
...
...
...
. . .
...
1 0 0 · · · 0 0 0 0 0 · · · 1


and it can be written as follows:
Q(Lks ) =


(n− 3)J1 + I1 J1,2 · · · J1,2 J1 0 J1,k−1
J2,1 J2 + I2 · · · 0 0 0 0
...
...
. . .
...
...
...
...
J2,1 0 · · · J2 + I2 0 0 0
J1 0 · · · 0 J1 + I1 J1 0
0 0 · · · 0 J1 I1 0
Jk−1,1 0 · · · 0 0 0 Ik−1


.
(2.8)
Let B1(L
k
s) be the corresponding equitable quotient matrix of Q(L
k
s), then
by (2.8) and Lemma 2.9, we have σ(Q(Lks)) = σ(B1(L
k
s)) ∪ {1
[n+k−6
2
]}, where
B1(L
k
s) =


n− 2 2 · · · 2 1 0 k − 1
1 3 · · · 0 0 0 0
...
...
. . .
...
...
...
...
1 0 · · · 3 0 0 0
1 0 · · · 0 2 1 0
0 0 · · · 0 1 1 0
1 0 · · · 0 0 0 1


.
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Further, we can write B1(L
k
s) as follows:
B1(L
k
s) =


(n− 3)J1 + I1 2J1,s J1 0 (k − 1)J1
Js,1 3Is 0 0 0
J1 0 J1 + I1 J1 0
0 0 J1 I1 0
J1 0 0 0 I1

 .
Let B2(L
k
s) be the corresponding equitable quotient matrix of B1(L
k
s), then
by Lemma 2.9, we have σ(B1(L
k
s)) = σ(B2(L
k
s)) ∪ {3
[s−1]}, where
B2(L
k
s) =


n− 2 2s 1 0 k − 1
1 3 0 0 0
1 0 2 1 0
0 0 1 1 0
1 0 0 0 1

 .
Thus
σ(Q(Lks )) = σ(B2(L
k
s)) ∪ {1
[n+k−6
2
], 3[
n−k−4
2
]}, (2.9)
and by direct computing, we know the signless Laplacian characteristic poly-
nomial of B2(L
k
s), det(xIn −B2(L
k
s)) = f(x).
Combining the above arguments, (2.7) holds. 
Proposition 2.12. ([32], (3.1), (3.2)) Let h(x) = x5 − (k + 9)x4 − (n −
7k − 32)x3 + (4n − 14k − 54)x2 − (4n − 7k − 40)x + n − k − 8. Then the
following equations (2.10) and (2.11) are the equations (3.1) and (3.2) in [32],
respectively.
ψ(Hks ) = (x− 1)
n+k−3
2 (x− 3)
n−k−3
2 [x3− (k+6)x2− (n− 4k− 12)x+n− k− 7].
(2.10)
ψ(Lks) = (x− 1)
n+k−6
2 (x− 3)
n−k−4
2 h(x). (2.11)
Comparing (2.3) with (2.10), and comparing (2.7) with (2.11), we can find
that they are different equations. The reason is that in the proof of Eq.(3.1)
in [32], A3 = Bn−k−2 should be A3 = Bn−k−2 − 2(x
2 − 4x + 3)
n−k−3
2 . Thus
Theorems 3.1-3.3 and Conjecture 3.4 in [32] may be revised as follows.
Proposition 2.13. ([32], Theorem 3.1) Let n be positive integer, k, s be non-
negative integers with k < n and s = ⌊n−k−1
2
⌋, G be a cactus with n vertices
and k pendant vertices.
(i) If n − k ≡ 1 (mod 2), then q1(G) ≤ q1(H
k
s ), with equality if and only
if G ∼= Hks , where H
k
s is depicted in Fig. 1 and q1(H
k
s ) is the largest root of
the equation x3 − (n+ 3)x2 + 3nx− 2n+ 2k + 2 = 0.
(ii) If n − k ≡ 0 (mod 2), then q1(G) ≤ q1(L
k
s), with equality if and only
if G ∼= Lks , where L
k
s is depicted in Fig. 2 and q1(L
k
s) is the largest root of the
equation x5 − (n+ 5)x4 + (6n+ 4)x3 − (12n− 2k− 10)x2 + (9n− 6k− 12)x−
2n+ 2k + 4 = 0.
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Proposition 2.14. ([32], Theorem 3.2) Let n be positive integer and s be
nonnegative integer with s = ⌊n−1
2
⌋, G be a cactus on n vertices. Then
(i) q1(G) ≤
(n+2)+
√
n2−4n+12
2
for odd n, and the equality holds if and only
if G ∼= H0s .
(ii) q1(G) ≤
(n+1)+
√
n2−2n+9
2
for even n, and the equality holds if and only
if G ∼= H1s .
Proposition 2.15. ([32], Theorem 3.3) Let n be even, G be a cactus with
n vertices and a perfect matching. Then q1(G) ≤
(n+1)+
√
n2−2n+9
2
, and the
equality holds if and only if G ∼= H1m−1, where m =
n
2
.
Conjecture 2.16. ([32], Conjecture 3.4) Let G be a cactus on n vertices with
matching number m.
(i) If n = 2m+ 1, then q1(G) ≤
(n+2)+
√
n2−4n+12
2
, and the equality holds if
and only if G ∼= H0m.
(ii) If n ≥ 2m+2, then q1(G) ≤ q1(H
n−2m+1
m−1 ), and the equality holds if and
only if G ∼= Hn−2m+1m−1 , where q1(H
n−2m+1
m−1 ) is the largest root of the equation
x3 − (n + 3)x2 + 3nx− 4m+ 4 = 0.
3 Main result
Let G be a cactus with n vertices and matching number m. Clearly, m ≤ n
2
.
If n = 2m, Proposition 2.15 characterized the unique graph with the maximum
signless Laplacian spectral radius among all cacti in ℓmn . Now we will determine
the case of n ≥ 2m+ 1 and thus show Conjecture 2.16 is true. The technique
used in the proof is motivated by [27, 32] et al.
Theorem 3.1. Let G be a graph in ℓmn .
(i) If n = 2m+1, then q(G) ≤ (n+2)+
√
n2−4n+12
2
with equality if and only if
G ∼= H0m.
(ii) If n ≥ 2m + 2, then q(G) ≤ q(Hn−2m+1m−1 ) with equality if and only if
G ∼= Hn−2m+1m−1 , where q(H
n−2m+1
m−1 ) is the largest root of the equation of x
3 −
(n+ 3)x2 + 3nx− 4m+ 4 = 0.
Proof. Let G = (V,E) ∈ ℓmn such that its signless Laplacian spectral radius
is the largest in ℓmn , where V = {v1, v2, . . . , vn}. Let x = (xv1 , xv2 , . . . , xvn)
T
be the Perron vector of Q(G), where xvi corresponds to the vertex vi, i =
1, 2, . . . , n.
Let M be a maximum matching of G. Then |M | = m, and there are three
cases for a non-pendant edge e = uv in G : (1) e = uv is an M-saturated edge;
(2) e = uv has exactly oneM-saturated vertex; (3) e = uv is anM-unsaturated
edge but both u and v are M-saturated vertices.
We first prove that the graph G is a bundle. In order to do so we will prove
the following four claims.
Claim 1. If T is an induced subtree of G, and T is attached to a vertex
v, where v is on some cycle of G, then T is a star whose center is v.
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Proof. Suppose that there exists a tree T attached to v1, but T is not a star,
where v1 is on some cycle of G. Then there must exist a path P = v1u1u2 of
length 2 in T. Take V1 = NG(u1)\{v1}, V2 = NG(v1)\{u1} and
G1 =
{
G− {u1x | x ∈ V1}+ {v1x | x ∈ V1}, if xv1 ≥ xu1 ;
G− {v1x | x ∈ V2}+ {u1x | x ∈ V2}, if xv1 < xu1 .
In G1, T is transformed to a new tree, denoted by T1. It is obvious that
the number of pendant vertices of T1 is more than the number of pendant
vertices of T . If there still exists a path Q of length 2 in T1 of G1, repeatedly
the similar operation as above, till there are no path with length 2 in T1. At
this moment, T1 is transformed to a star, denoted by T2, and the new graph
is denoted by G2. By Lemma 2.1, we have q(G) < q(G1) < q(G2).
Assume that |V (T )| = n1, so there are at most ⌊
n1
2
⌋ edges of T in the
maximum matching of G. Therefore, we can add a new edge by connecting
two pendant vertices of T2, and add another new edge by connecting another
two pendant vertices of T2, till the new graph, say G
∗, satisfying G∗ ∈ ℓmn .
By Corollary 2.6, we have q(G2) < q(G
∗), and thus q(G) < q(G∗), it is a
contradiction by the assumption of G.
Claim 2. All cycles of G are with length 3.
Proof. We assume that there exists a cycle, say C0 = v1v2 . . . vlv1 in G, such
that its length l ≥ 4. As G is a cactus, we know vivj 6∈ EG for any |i− j| ≥ 2.
We will complete the proof of Claim 2 by the following three cases.
Case 1: There exists an edge uv on C0 such that uv ∈M.
It is obvious that N(u) ∩ N(v) = ∅ by the definition of a cactus. Let G1
be the graph obtained from G by deleting edge uv, identifying vertex u and
vertex v, adding a new vertex w and a new pendant edge uw to u. By Lemma
2.2, q(G) < q(G1). Take M1 = M − uv + uw, then M1 is a matching of G1.
It is easy to see that M1 is a maximum matching of G1, thus G1 ∈ ℓ
m
n , it is a
contradiction by the assumption of G.
Case 2: There exists an edge uv ∈ C0 having exactly one M-saturated
vertex.
Without loss of generality, we assume that u is an M-saturated vertex and
v is an M-unsaturated vertex. Similar to the proof of Case 1, we obtain G1
from G and take M1 =M . Then we can show M1 is a maximum matching of
G1, thus G1 ∈ ℓ
m
n , and q(G) < q(G1), it is a contradiction.
Case 3: All edges on C0 are M-unsaturated edges but all vertices of C0
are M-saturated.
Then for any i ∈ {1, 2, . . . , l}, vi is adjacent to a vertex wi such that
viwi ∈M and wi 6= vi−1, wi 6= vi+1 (if i = l, vi+1 = v1; if i = 1, vi−1 = vl).
Subcase 3.1: xv1 ≥ xv2 .
Let G1 = G−v2v3+v1v3. Then we have q(G) < q(G1) by Lemma 2.1. Take
M1 =M , then M1 is a matching of G1. Now we show that M1 is a maximum
matching of G1.
If M2 is a maximum matching of G1 and |M2| > m, then v1v3 ∈ M2 (oth-
erwise, M2 ⊂ E(G1 − v1v3) ⊂ E(G) is a matching of G, it is a contradiction).
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If w1, w3 are M2-saturated, then we take M3 = M2 − v1v3. Clearly, M3 is a
matching of G with |M3| = |M2| − 1 ≥ m. If |M3| > m, it implies a contradic-
tion by G ∈ ℓmn . Thus |M3| = m and M3 is also a maximum matching of G.
We note that v1 is M3-unsaturated, then v2 must be M3-saturated. Similar
to the proof of Case 2, we can obtain a contradiction. Therefore w1 is M3-
unsaturated or w3 is M3-unsaturated. Without loss of generality, we assume
that w1 is M3-unsaturated. Then M4 = M2 − v1v3 + v1w1 is a matching of G
with |M4| = |M3| > m, it is a contradiction by G ∈ ℓ
m
n . Combining the above
arguments, we have G1 ∈ ℓ
m
n , it is a contradiction by the assumption of G.
Subcase 3.2: xv1 < xv2 .
Let G1 = G− v1vl + v2vl. Similar to the proof of Subcase 3.1, we can show
a contradiction, so we omit it.
Claim 3. Any two cycles of G have exactly one common vertex.
Proof. On the contrary, by any two cycles of G have no common edges, we
can assume that there are two disjoint cycles C1 and C2 in G connecting by
the shortest path P = v1v2 . . . vs of length s − 1(s ≥ 2) with VP ∩ VC1 =
{v1} and VP ∩ VC2 = {vs}. In view of Claim 2, let C
1 = v1w1w2v1, C
2 =
vsu1u2vs. Now we will show that there exists an m-matching, say M1, such
that {w1v1, w2v1, u1vs, u2vs}∩M1 = ∅. Noting that the proof of {u1vs, u2vs}∩
M1 = ∅ is similar to the proof of {w1v1, w2v1} ∩M1 = ∅, now we only show
{w1v1, w2v1} ∩M1 = ∅.
In fact, if w1v1, w2v1 /∈M, we take M1 = M, then our result holds. Other-
wise, without loss of generality, we assume that w2v1 ∈M.
Case 1: w1 is not saturated by M.
Let M1 =M −w2v1 +w1w2. It is easy to see that M1 is an m-matching of
G and {w1v1, w2v1} ∩M1 = ∅, then our result holds in this case.
Case 2: w1 is saturated by w1t1 in M.
In this case, dG(w1) ≥ 3. Let V1 = NG(v1)\{w1, w2}, V2 = NG(w1)\{v1, w2}
and
G1 =
{
G− {v1x | x ∈ V1}+ {w1x | x ∈ V1}, if xw1 ≥ xv1 ;
G− {w1x | x ∈ V2}+ {v1x | x ∈ V2}, if xw1 < xv1 .
By Lemma 2.1, q(G) < q(G1). Take
M2 =
{
M, if xw1 ≥ xv1 ;
M − w1t1 − w2v1 + w1w2 + v1t1, if xw1 < xv1 .
Then M2 is an m-matching of G1.
Now we show G1 ∈ ℓ
m
n . Otherwise, let M3 be a maximum matching of
G1 with |M3| > m, now we will obtain a contradiction by the following two
subcases.
Subcase 2.1: xw1 ≥ xv1 .
Then w1t ∈ M3 where t ∈ NG(v1)\{w1, w2}. Otherwise, M3 ⊂ E(G1) −
{w1t | t ∈ NG(v1)\{w1, w2}} ⊂ E(G) is a matching of G, it is a contradiction
by G ∈ ℓmn and |M3| > m.
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If v1 is M3-saturated, then v1w2 ∈M3 by dG1(v1) = 2. Thus we take
M4 =
{
M3 − w1t− v1w2 + v1t+ w1w2, v1 is M3-saturated;
M3 − w1t+ v1t, v1 is M3-unsaturated.
Clearly, M4 is an |M3|-matching of G, it is a contradiction by G ∈ ℓ
m
n and
|M3| > m.
Subcase 2.2: xw1 < xv1 .
Then v1t ∈ M3 where t ∈ NG(w1)\{v1, w2}. Otherwise, M3 ⊂ E(G1) −
{v1t | t ∈ NG(w1)\{v1, w2}} ⊂ E(G) is a matching of G, it is a contradiction
by G ∈ ℓmn and |M3| > m.
If w1 is M3-saturated, then w1w2 ∈M3 by dG1(w1) = 2. Take
M4 =
{
M3 − v1t− w1w2 + w1t+ v1w2, w1 is M3-saturated;
M3 − v1t + w1t, w1 is M3-unsaturated.
Clearly, M4 is an |M3|-matching of G, it is a contradiction by G ∈ ℓ
m
n and
|M3| > m.
Combining the above two subcases, we have G1 ∈ ℓ
m
n . Then it implies a
contradiction by the assumption of G, q(G) < q(G1) and G1 ∈ ℓ
m
n .
Thus, there exists anm-matchingM1 ofG such that {w1v1, w2v1, u1vs, u2vs}∩
M1 = ∅. Now we take
G2 =
{
G− v1w1 − v1w2 + vsw1 + vsw2, if xvs ≥ xv1 ;
G− vsu1 − vsu2 + v1u1 + v1u2, if xvs < xv1 .
By Lemma 2.1, q(G) < q(G2). Let M5 = M1, it is obvious that M5 is an
m-matching of G2.
Now we show G2 ∈ ℓ
m
n . Otherwise, let M6 be a maximum matching of G2
with |M6| > m. We only consider the case xvs ≥ xv1 because the proof of the
case xvs < xv1 is similar to the case xvs ≥ xv1 .
Then vsw1 ∈ M6 or vsw2 ∈ M6. Otherwise M6 ⊂ E(G2 − vsw1 − vsw2) ⊂
E(G) is a matching of G, it is a contradiction by G ∈ ℓmn and |M6| > m.
Without loss of generality, we assume that vsw1 ∈ M6. Then we have the
following results.
(i) There exists some t ∈ NG(v1)\{w1, w2} such that v1t ∈M6. Otherwise,
M6 − vsw1 + v1w1 ⊂ E(G) is an |M6|-matching of G, it is a contradiction by
G ∈ ℓmn and |M6| > m.
(ii) There exists some r ∈ NG(w2)\{v1, w1} such that w2r ∈ M6. Other-
wise, M6−vsw1+w1w2 ⊂ E(G) is an |M6|-matching of G, it is a contradiction
by G ∈ ℓmn and |M6| > m.
(iii) There exist no pendant vertices z such that w1z ∈ E(G). Otherwise,
M6 − vsw1 + w1z ⊂ E(G) is an |M6|-matching of G, it is a contradiction by
G ∈ ℓmn and |M6| > m.
By (ii), we have dG(w2) ≥ 3. Then we let V3 = NG(w2)\{v1, w1} and
G3 =
{
G− {v1x | x ∈ V1}+ {w2x | x ∈ V1}, if xw2 ≥ xv1 ;
G− {w2x | x ∈ V3}+ {v1x | x ∈ V3}, if xw2 < xv1 .
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By Lemma 2.1, q(G) < q(G3). Similar to the proof of Case 2, we can show
G3 ∈ ℓ
m
n , it is a contradiction by the assumption of G.
By the above arguments, we know G2 ∈ ℓ
m
n . But it implies a contradiction
by the assumption of G, q(G) < q(G2) and G2 ∈ ℓ
m
n . Combining the above
arguments, we completes the proof of Claim 3.
Claim 4. Any three cycles contained in G have exactly one common
vertex.
Proof. We assume that there exists three cycles say C1, C2 and C3 in G such
that they have no common vertex. By Claim 2, let VC1∩VC2 = {u}, VC1∩VC3 =
{v} and VC2 ∩ VC3 = {w}. Then u, v and w at the same cycle C
4. Thus
C1 ∩ C4 = {u, v}, a contradiction to the definition of a cactus. Then any
three cycles have common vertices, and thus any three cycles have exactly one
common vertex by Claim 3.
By Claims 3 and 4, we know that all of the cycles contained in G have
exactly one common vertex, say v0, i.e. G is a bundle. Now we know that the
graph in ℓmn having the largest signless Laplacian spectral radius is a bundle
with some pendant trees attached, and these trees are stars by Claim 1. Now
we will show these stars are attached to the vertex v0 of G.
Claim 5. If G contains pendant edges, then all pendant edges are attached
to the common vertex v0.
Proof. On the contrary, by Claim 2 we can assume that there exists a cycle,
say v0v1v2v0, in G such that v1 is adjacent to i pendant vertices and v2 is
adjacent to j pendant vertices, where i, j ≥ 0 and i+ j ≥ 1. We will complete
the proof by the following four cases.
Case 1: i ≥ 1, j = 0 or i = 0, j ≥ 1.
Without loss of generality, let i ≥ 1, j = 0. The proof of the case i = 0, j ≥ 1
is similar, we omit it. Let V1 = NG(v1)\{v0, v2}, V2 = NG(v0)\{v1, v2}.
Subcase 1.1: There exists a pendant edge, say v1v
′
1, attached to v1 being
in M.
Take
G1 =
{
G− {v1x | x ∈ V1}+ {v0x | x ∈ V1}, if xv0 ≥ xv1 ;
G− {v0x | x ∈ V2}+ {v1x | x ∈ V2}, if xv0 < xv1 .
(3.1)
By Lemma 2.1, q(G) < q(G1).
In the case xv0 ≥ xv1 , we set
M1 =
{
M − v1v
′
1 − v0v2 + v1v2 + v0v
′
1, if v0v2 ∈M ;
M − v1v
′
1 + v1v2, if v0v2 6∈M.
Then M1 is an m-matching of G1. Now we show M1 is a maximum matching
of G1. If M2 is a maximum matching of G1 and |M2| > m, then there exists
u ∈ V1 such that v0u ∈ M2. If not, M2 ⊂ E(G1 − {v0x | x ∈ V1}) ⊂ E(G) is
a matching of G, it is a contradiction. What’s more, we have v1v2 ∈ M2 by
dG1(v1) = dG1(v2) = 2. ThenM3 = M2−v1v2−v0u+v1u+v0v2 is a matching of
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G with |M3| = |M2| > m, it is a contradiction by G ∈ ℓ
m
n . Therefore G1 ∈ ℓ
m
n ,
and thus it is a contradiction by the assumption of G.
In the case xv0 < xv1 , we set
M1 =
{
M, if v0v2 ∈M ;
M − v0u+ v0v2, if v0v2 6∈M,
where u ∈ V2 and uv0 ∈ M . Then M1 is an m-matching of G1, and it is easy
to check that G1 ∈ ℓ
m
n , thus it is a contradiction by the assumption of G.
Subcase 1.2: Each of the pendant edges attached to v1 is not in M.
Then v1v0 ∈M or v1v2 ∈M. If v1v0 ∈M, we setM1 =M−v1v0+v0v2+v1u,
where u ∈ V1. Then M1 is an (m+1)-matching of G, it implies a contradiction
by the assumption of G.
Thus v1v2 ∈ M. Then v0 must be M-saturated by v0w where w ∈ V2.
Otherwise, if v0 is notM-saturated, we takeM1 =M−v1v2+v1u+v0v2 where
u ∈ V1 is an (m+1)-matching of G, it is a contradiction by the assumption of
G. Thus v0 must be M-saturated by v0w where w ∈ V2.
Take G1 as (3.1), then q(G) < q(G1) by Lemma 2.1. We set
M1 =
{
M, if xv0 ≥ xv1 ;
M − v1v2 − v0w + v1w + v0v2, if xv0 < xv1 .
Then M1 is an m-matching of G1. Similar to the proof of Subcase 1.1, it is
easy to check that G1 ∈ ℓ
m
n , thus it is a contradiction by the assumption of G.
Case 2: i ≥ 2, j ≥ 2.
If xv1 ≥ xv2 , it is easy to see that there exists a pendant edge v2v
′
2, such
that v2v
′
2 /∈ M. Let G1 = G − v2v
′
2 + v1v
′
2, By Lemma 2.1, q(G) < q(G1).
Obviously, G1 ∈ ℓ
m
n , a contradiction.
If xv1 < xv2 , it is easy to see that there exists a pendant edge v1v
′
1, such
that v1v
′
1 /∈ M. Let G1 = G − v1v
′
1 + v2v
′
1. By Lemma 2.1, q(G) < q(G1).
Obviously, G1 ∈ ℓ
m
n , a contradiction.
Case 3: i ≥ 2, j = 1 or i = 1, j ≥ 2.
Without loss of generality, we assume that i ≥ 2, j = 1. Let v2v
′
2 be the
only pendant edge attached to v2. It is easy to see that there exists a pendant
edge v1v
′
1 such that v1v
′
1 /∈M by i ≥ 2.
Subcase 3.1: xv1 < xv2 .
Let G1 = G − v1v
′
1 + v2v
′
1. By Lemma 2.1, q(G) < q(G1). Obviously,
G1 ∈ ℓ
m
n , a contradiction.
Subcase 3.2: xv1 ≥ xv2 . Noting that {v
′
2} = NG(v2) \ {v0, v1}, we let
G1 = G− v2v
′
2 + v1v
′
2. By Lemma 2.1, q(G) < q(G1).
Subcase 3.2.1: v2v
′
2 /∈M.
Then M1 = M is an m-matching of G1, and it is obvious to show G1 ∈ ℓ
m
n ,
which implies a contradiction by the assumption of G.
Subcase 3.2.2: v2v
′
2 ∈M.
Then the matching number of G1 is less than or equal to m. If not, there
exists a matching M1 of G1 with |M1| > m, then v1v
′
2 ∈ M1. Otherwise, if
v1v
′
2 6∈ M1, M1 ⊂ E(G1 − v1v
′
2) ⊂ E(G), and thus M1 is a matching of G
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with |M1| > m = |M |, which implies a contradiction by G ∈ ℓ
m
n . Therefore,
M2 = M1 − v1v
′
2 + v1v
′
1 is a matching of G with |M2| = |M1| > m, which
implies a contradiction by G ∈ ℓmn .
If the matching number of G1 is equal to m, say, G1 ∈ ℓ
m
n , we obtain a
contradiction by the assumption of G.
If the matching number of G1 is less than m, we set G2 = G1 + v
′
1v
′
2, then
q(G) < q(G1) < q(G2) by Lemma 2.1 and Corollary 2.6. On the other hand,
we will show G2 ∈ ℓ
m
n , which implies a contradiction by the assumption of G.
First, M − v2v
′
2 + v
′
1v
′
2 is an m-matching of G2. Second, if there exists a
matching M3 of G2 with |M3| > m, then v
′
1v
′
2 ∈ M3. Otherwise, if v
′
1v
′
2 6∈ M3,
M3 ⊂ E(G2−v
′
1v
′
2) = E(G1), and thus M3 is a matching of G1 with |M3| > m,
which implies a contradiction because the matching number of G1 is less than
m. Further, M4 = M3 − v
′
1v
′
2 ⊂ E(G2 − v
′
1v
′
2) = E(G1), and thus M4 is a
matching of G1 with |M4| ≥ m, which implies a contradiction because the
matching number of G1 is less than m. Combining the above arguments,
G2 ∈ ℓ
m
n and we complete the proof of Case 3.
Case 4: i = j = 1.
Let v1v
′
1 be the only pendant edge attached to v1, and v2v
′
2 be the only
pendant edge attached to v2. Then v1v
′
1, v2v
′
2 at least one in M. Otherwise,
v1v
′
1 /∈M and v2v
′
2 /∈M, then v1v2 ∈M. Now we take M1 =M −v1v2+v1v
′
1+
v2v
′
2. Obviously, M1 is an (m+ 1)-matching of G, it is a contradiction by the
assumption of G.
Subcase 4.1: v1v
′
1 ∈M, v2v
′
2 /∈M or v1v
′
1 /∈M, v2v
′
2 ∈M.
Without loss of generality, we assume v1v
′
1 ∈ M and v2v
′
2 /∈ M. Then
v0v2 ∈ M. Otherwise, M1 = M + v2v
′
2 is an (m + 1)-matching of G, it is
implies a contradiction by the assumption of G.
Take G1 =
{
G− v2v
′
2 + v1v
′
2, if xv1 ≥ xv2 ;
G− v1v
′
1 + v2v
′
1, if xv1 < xv2 .
Then q(G) < q(G1) by
Lemma 2.1. Further, we set
M1 =
{
M, if xv1 ≥ xv2 ;
M − v1v
′
1 − v0v2 + v0v1 + v2v
′
1, if xv1 < xv2 .
Then M1 is an m-matching of G1, and it is obvious the check that G1 ∈ ℓ
m
n ,
which implies a contradiction by the assumption of G.
Subcase 4.2: v1v
′
1 ∈M and v2v
′
2 ∈M.
It is easy to see that v0v1 6∈M , v0v2 6∈M and v1v2 6∈M.
Subcase 4.2.1: xv1 ≥ xv2 .
Let G1 = G − v2v
′
2 + v1v
′
2, G2 = G1 + v
′
1v
′
2. By Lemma 2.1 and Corollary
2.6, we have q(G) < q(G1) < q(G2). It is clear that M1 = M − v1v
′
1 − v2v
′
2 +
v1v2 + v
′
1v
′
2 is an m-matching of G2. Now we show G2 ∈ ℓ
m
n .
On the contrary, we assume that M2 is a maximum matching of G2, and
|M2| > |M | = m.
If v′1v
′
2 ∈ M2, then v0v1 ∈ M2, or v0v2 ∈ M2, or v1v2 ∈ M2. Noting that
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dG2(v2) = 2 and dG2(v1) = 4, we set
M3 =


M2 − v
′
1v
′
2 − v0v1 + v1v
′
1 + v2v
′
2, if v0v1 ∈M2;
M2 − v
′
1v
′
2 − v0v2 + v1v
′
1 + v2v
′
2, if v0v2 ∈M2;
M2 − v
′
1v
′
2 − v1v2 + v1v
′
1 + v2v
′
2, if v1v2 ∈M2.
Clearly, M3 is a matching of G and |M3| = |M2| > m, it is a contradiction by
the assumption of G. Thus v′1v
′
2 /∈M2. Therefore v1v
′
1 ∈ M2 or v1v
′
2 ∈M2.
If v1v
′
1 ∈ M2, we note that M2 ⊂ E(G), then M2 is a matching of G. But
|M2| > m, it is a contradiction by the assumption of G.
If v1v
′
2 ∈M2, then v0v2 ∈M2. Otherwise, we set M3 = M2 − v1v
′
2 + v1v2 +
v′1v
′
2 is also a matching of G2, but |M3| > |M2|, it is a contradiction by he
assumption of M2. Thus M4 = M2− v0v2− v1v
′
2+ v1v
′
1+ v2v
′
2 is a matching of
G, and |M4| > m, it is a contradiction by the assumption of G.
Combining the above arguments, we have G2 ∈ ℓ
m
n , it is a contradiction by
the assumption of G.
Subcase 4.2.2: xv1 < xv2 .
Let G1 = G − v1v
′
1 + v2v
′
1, G2 = G1 + v
′
1v
′
2. By Lemma 2.1 and Corollary
2.6, we have q(G) < q(G1) < q(G2). It is clear that M1 = M − v1v
′
1 − v2v
′
2 +
v1v2 + v
′
1v
′
2 is an m-matching of G2, and similar to the proof of Subcase 4.2.1
we can show G2 ∈ ℓ
m
n , it implies a contradiction by the assumption of G.
Now we come back to complete the proof of Theorem 3.1.
By Claim 2, we conclude that the lengths of all cycles in G are 3. By Claim
3 and Claim 4, all cycles have exactly one common vertex, say v0. By Claim 1
and Claim 5, all trees attached to a vertex of a cycle are stars (thus all trees
are pendant edges) and these pendant edges attached to the same vertex v0.
Therefore, if n = 2m + 1, then G ∼= H0m or G
∼= H2m−1, where H
0
m and H
2
m−1
are depicted in Fig. 1. On the other hand, by Corollary 2.6, we know that
q(H2m−1) < q(H
0
m), then G
∼= H0m when n = 2m + 1. If n ≥ 2m + 2, then
G ∼= Hn−2m+1m−1 , where H
n−2m+1
m−1 is depicted in Fig. 1.
By (2.3), we have
ψ(H0m) = (x− 1)
n−1
2 (x− 3)
n−3
2 [x2 − (n + 2)x+ 2n− 2]
and
ψ(Hn−2m+1m−1 ) = (x− 1)
n−m−1(x− 3)m−2[x3 − (n+ 3)x2 + 3nx− 4m+ 4].
If n ≥ 3 and s ≥ 1, we note that C3 is a subgraph of H
t
s, then q(H
t
s) ≥
q(C3) = 4 by Corollary 2.6, and thus q(H
0
m) =
(n+2)+
√
n2−4n+12
2
and q(Hn−2m+1m−1 )
is the largest root of the equation x3 − (n + 3)x2 + 3nx− 4m+ 4 = 0. 
Let n,m be positive integers, and G be a graph in ℓmn . Clearly, 1 ≤ m ≤
⌊n
2
⌋. Then by Corollary 2.6, Proposition 2.15 and Theorem 3.1, we obtain the
following result immediately.
Theorem 3.2. Let G be a cactus on n(≥ 3) vertices. Then
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(i) If n is odd, then q(G) ≤ (n+2)+
√
n2−4n+12
2
with equality if and only if
G ∼= H0n−1
2
.
(ii) If n is even, then q(G) ≤ (n+1)+
√
n2−2n+9
2
with equality if and only if
G ∼= H1n
2
−1.
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